
1 ÃÃÃ���ååå`̀̀zzz [4]

Ã�å`z¯K�L«�

min
x

f(x), x = (x1, . . . , xn)T ∈ Rn (1.1)

f ���5¼ê, K1.1 ¡�Ã�å��55y. ¢Sþ´��õ�¼êÃ^
�4�¯K.

4�¯K�)Ñ´ã��`), �Û�`)�UlÛÜ�`)�'�¥��.
ef(x) �g��, KP���ê∇f(x) = (fx1 , . . . , fxn)T , ���êP

�∇2f = (fxixj
)n×n , =Hessian Ý
. õ�¼ê4�^��:

∇f(x) = 0, �∇2f(x)�½ (1.2)

¦^S�{¦4�: À�Ð©)x0, é1k gS�), (½|¢��dk ∈ Rn

ÚÚ�ak ∈ R -

xk+1 = xk + akdk (1.3)

¦
f(xk+1) < f(xk) (1.4)

�xk ÷vª�^��ª�.

1.1 (((½½½|||¢¢¢������

1.1.1 ������eeeüüü{{{(FFFÝÝÝ{{{)

��VÐm:

f(xk+1) = f(xk + akdk)

= f(xk) + ak∇f(xk)T dk + o(‖akdk‖2)
(1.5)

�u´�dk = −∇f(xk) �¦8Ieü�¯, ù«�{Ò´��eü{.

1.1.2 ÚÚÚîîî{{{

���Ðm:

f(xk+1) = f(xk + akdk)

= f(xk) + ak∇f(xk)T dk +
1
2
akdT

k∇2f(xk)dk + o(‖akdk‖3)
(1.6)

e∇2f(xk) �½, K{�ak∇f(xk)T dk + 1
2a2

kdT
k∇2f(xk)dk �dk �g., 7

������.
�3dk = −ak(∇2f(xk))−1∇f(xk) ?��. ùÒ´Úî{.
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1.1.3 [[[ÚÚÚîîî{{{

(∇2f(xk))−1 �Ø=O�E,, �¬Ñy¾�, Ø�½��¹. ��Ñù
"

:, Ó��±�¯Âñ�`:, �E���½Ý
Gk+1 Cq�O(∇2f(xk) , ½
�EHk+1 Cq�O(∇2f(xk))−1

P:

∆xk = xk+1 − xk (1.7)
∆fk = ∇f(xk+1)−∇f(xk) (1.8)

O�Gk+1 kü|S�úª:
BFGS (Broyden-Fletcher-Goldfarb-Shanno) úª

Gk+1 = Gk +
∆fk∆fT

k

∆fT
k ∆xk

− Gk∆xk∆xT
k Gk

∆xT
k Gk∆xk

(1.9)

Hk+1 = Hk + (1 +
∆fT

k Hk∆fk

∆fT
k ∆xk

)
∆xk(∆xk)T

∆fT
k ∆xk

− ∆xk∆fT
k Hk + Hk∆fk∆xT

k

∆fT
k ∆xk

(1.10)

DFP(Davidon-Fletcher-Powell) úª

Gk+1 = Gk + (1 +
∆xT

k Gk∆xk

∆xT
k ∆fk

)
∆fk∆fT

k

∆fT
k ∆xk

− ∆fk∆xT
k Gk + Gk∆xk∆fT

k

∆xT
k ∆fk

(1.11)

Hk+1 = Hk +
∆xk∆xT

k

∆fT
k ∆xk

− Hk∆fk∆fT
k Hk

∆fT
k Hk∆fk

(1.12)

ùü|úª´éó�, ��p�Gk,Hk �∆fk,∆xk p�=�.
�y², ��∆fT

k ∆xk > 0 �H1 = I(ü 
) , ù��E�Hk �½é¡, S
�L§��Âñ.

1.2 |||¢¢¢ÚÚÚ������(((½½½
(½|¢��dk (½, ¦Ú�ak ¢S´����`z¯K:

min
α

f(xk + α) (1.13)

w,Ù°()A÷v

∇f(xk + αdk)T dk = 0 (1.14)

�f E,��ÿO�éE,, ¢SO���ÿ^���{. Xæ^�g��:

q(α) = aα2 + bα + c (1.15)

ëêa, b, c �dα = 0 �¼ê�Ú�êq(0) = f(xk) , q′(0) = ∇f(xk)T dk ,
±9,�:¼ê�(½, α ��`��αmin = − b

2a ¦q(α) �����.
��±^ng��, ½ö�gng·Ü���.
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1.3 ������555���������¦¦¦[[[ÜÜÜ
k�|êâ(ti, yi), i = 1, . . . , n , �[Ü��®�¼êy = f(t, x)

x = (x1, . . . , xm)T ,m 6 n , x ��½Xê.
Pri(x) = yi − f(ti,x), r(x) = (r1(x), . . . , rn(x))
���¦u=Xe`z�.:

min
x

R(x) = rT (x)r(x) (1.16)

Pr(x) �Jacobi Ý
�:

J(x) = (
∂ri

∂xj
)n×m (1.17)

K

∇R = 2J(x)T r(x) (1.18)

∇2R = 2J(x)T J(x) + 2S (1.19)

S =
n∑

i=1

ri(x)∇2ri(x) (1.20)

∇2ri(x) = (
∂2ri

∂xk∂xl
)n×n (1.21)

X^Úî{O�, S�O�þé�, ÏdI�{z. ��ÑS dd�pd-Ú
î(Guass-Newton) {. eü��dk�:

J(xk)T J(xk)dk = −J(xk)r(xk) (1.22)

pd-Úî{¥JT Jo´��½, �¬Ñy¾�, U?�{´?���O��{:

(J(xk)T J(xk) + αkI)dk = −J(xk)r(xk) (1.23)

αk > 0 ´3zgS�¥?��ëê. α é��dk �Cpd-Úî{, α é�

�, �CKFÝ��, S���3Úî��ÚKFÝ���m. ù��{�¶i
�LM(Levenbery-Marquardt){.

2 ������ååå������555555yyy [4]

��å�55y�L«¤Xe/ª:

max z = f(x),x ∈ Rn

s.t. hi(x), i = 1, 2, . . . ,m
gi(x) 6 0, j = 1, 2, . . . , l

(2.1)

e�k�ª�åhi(x) = 0 �^Lagrange ¦f{z�Ã�å`z:

L(x,µ) = f(x) +
m∑

i=1

µihi(x) (2.2)
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P�1)��G : gj(x) 6 0, j = 1, 2, . . . , l, e�`)Ø3G �>.3ÙS
Ü��, K¯K�{z�Ã�å`z. e¡��Ä�`)3>.��.

�x ��1), ¦

gj(x) = 0, j ∈ J1 (2.3)
gj(x) < 0, j ∈ J2 (2.4)

(2.5)

¡gj(j ∈ J1) �å�^�å, gj(j ∈ J2) �Øå�^�å.
éux ∈ G Ú���d e�3¢êλ0, ¦x + λd ∈ G(o < λ < λ0) , K¡d

�x ��1��.
x 3k��åþ, =gj(x) = 0(j ∈ Ji) , ògj(x + λd) �VÐm,

gi(x + λd) = gi(x) + λ∇gi(x)T d + o(λ2) (2.6)

���

∇gi(x)T d < 0 (2.7)

=d=��1��.
éux ∈ G Ú���d, e�3λ0 , ¦:

f(x + λd) < f(x), (0 < λ < λ0) (2.8)

w,��

∇f(x)T d < 0 (2.9)

d =�eü��.
w,�`)k7�^�, =Ø�3Ó���1��Ú�`�����.
=: ex ´�`), �∇gj(x)(j ∈ J1) �5Ã', K�3λ1, . . . , λl > 0, ¦

∇f(x) +
l∑

j=1

λj∇gj(x) = 0 (2.10)

λjgj(x) = 0, j = 1, 2, . . . , l (2.11)

ù�^�¡�Kuhn-Tucker ^�, ÷vù�^��:¡�K-T :. �`)�

�U3K-T :¥��.

2.1 ���ggg555yyy
�8I¼ê´�g¼ê, �å��5�, �.2.1 {z�

max f(x) = 1
2xT Hx + cx

s.t. Ax 6 b
(2.12)

Ù¥x, A, b Ó�55y, H ∈ Rn×n �é¡
, ���g5y(Quadratic
Programming, P�QP). AO, �H �½�, 8I¼ê´à¼ê, ¡�à�g5
y.

QPkûÐ�5�:

• K-T ^�Ø=´�`)�7�^�, �´¿©^�

• ÛÜ�`)Ò´�Û�`)

4



2.2 ÅÅÅÚÚÚ���ggg555yyy{{{
��55y�){éõ, k�1��{, v¼êu, FÝÝK{�. e¡{ã, Å

Ú�g5y{(Sequential Quadratic Programming)
Ä��n´:�ELagrange ¦f

L(x,µ, lambda) = f(x) +
m∑

i=1

µihi(x) +
l∑

j=1

λjgj(x) (2.13)

^�g¼êCqL(x,µ,λ �z�QP ¯K:

max 1
2dT Gd +∇f(xk)T d

s.t. ∇hi(xk)T d + hi(x) = 0, i = 1, . . . ,m
∇gi(xk)T d + gi(xk) 6 0, j = 1, . . . , l

(2.14)

Ù¥xk ´1k gS��Ð©:, Gk ´L(x,µ, lambda) �Hesse Ý
�C
q, �^BFGS úª.

����`)dk ��1k gS��|¢��. Ú�d�5|¢(½.

3 ¦¦¦)))������555555yyy���^̂̂��� [1]

¦)��55y�{¯õ, Ø��55y¥Ä�þüX/{�ÚUe, Ïdk
�«���^�Úóä���3, ùpéØ�����
^�, ¿0�e¡^�
�AMPL ï�XÚ.

3.1 ���^̂̂���^̂̂���¥¥¥
Omuses/HQP ´��m�c++¥, Jø�«){ì. OPT++2.1 �´�

�c++¥, Jø�«){ì.
·ÿÁL±þü�¥, äN�§S'�E,, Ø2�ã.
,	COIN-OR [3] ( COmputational INfrastructure for Operations Research

- open source for the operations research community - ) ´��Ø��^�Â8

ó§.

3.2 AMPL [2]

AMPL R©[2] ( A Modeling Language for Mathematical Programming )
;��`z¯K�O�ï��ó. §´dBell¢�¿mu�. GLPK ¦^

�GNU MathProg Language Ò´¦���f8. AMPL Ø=�±?n�55
y¯K, �U?n��55y¯K. ¦ò5y©�.mod =�¤;��.nl ©�.
,�N^){ì(solver) ¦). AMPL��Ø´��¦)§S, ´�«�Èì.

AMPL^�´G¤�, ØL�±¦^�¤�Æ)�.

http://www.ampl.com/NEW/TABLES/amplcml.zip

¦��)
Æ)��MINOS, CPLEX �){ì, Æ)����Ì�´¯K
�5���3300�Cþ±e. e¡�O�Ñ´3Æ)�¥�¤�.
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3.2.1 AMPL/Solver

ùpÌ�?Øm�){ì, Ipopt, ÚTRON. Ipopt ÚTRONÑ�±^c�mN
^, äN�{ÒØ�Ñ
.

3.2.2 Neos

http://neos.mcs.anl.gov/
NEOSÑÖ. ´3�)û`z¯K�ÑÖì, �±ÏLemail, XML-RPC,

ÚwebJ�¯K. 8cNEOS���´5. NEOS|±�«����`z){ì,
��±gÄ(½éõ¦)ëê. NEOS|±AMPL�ª�ï�§S. XJ\k
`z¯K, 5�'��, Ø�Á�e, éÐ^.

4 SSSKKK)))���

4.1 )))eee¡¡¡¯̄̄KKK
max f(x) = 2x1 − x2

s.t. x2
1 + x2

2 6 1
x2 > 0

(4.1)

¦^AMPL�óï�, ¦)

var x{1..2};
maximize ff: 2 * x[1] - x[2];
subject to ss: x[1]^2 + x[2]^2 <= 1;
subject to bb: x[2] >= 0;

$1·-

G:\mydoc\my text\ï�\modeling\05sum\nonlinear>ampl
ampl: model a2.mod
ampl: solve;
MINOS 5.5: optimal solution found.
9 iterations, objective 2
Nonlin evals: constrs = 32, Jac = 31.
ampl: display x;
x [*] :=
1 1
2 0
;

)��`)3x1 = 1, x2 = 0 ���2.
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4.2 111���KKK)))
4.2.1 KKK888

�â��/«I¬²LuÐI�Ú>åï�5y, ®��,�c�¦Y>oC
ÅNþ���NkW , y[Ó�,ïn�Y>Õ, T/«�UÊ8��]7�B,
eæ^Y>Õ+�“oc|d��” �OK, Á(½�Y>Õ��`CÅNþ.
ÁïáÙêÆ�..

4.2.2 )))

b�>dÚ�øA>þ¤K�ê'X, b�u>Å|�|dÚu>Å|Nþ¤
K�ê'X. =Nþ��, ü |d��

äNï�XAMPL§S, ¿n
�|êâÁ�

set P;
param op{P}; #�>Õï�|ÑzZ�

param bop{P}; #�>ÕÄOï�¤^
param bip; #ÄOd�
param N; #��CÅNþ
param B; #�¼��]7
param bue{P}; #��CÅNþ
param bbe{P}; #��CÅNþ
param bmoq; # ÄO�o¤^
param mlam; # ü |d�þ,ëê
param lam; # >d�eüëê

var e{P} >=0 ; #CÅNþ
var ip; # Â\zZ�

var income; # cÂ\

var outcome; # c�o|Ñ
var bout; # ï�|Ñ
var ea ; #oCÅNþ
var lucre ; # ÂÃ

var moq{P}; # z�>Õ��o¤^

maximize w: lucre;

# |d�ucÂ\~�o�o¤^
subject to lucreq: lucre - (income - outcome) = 0 ;
# c|Ñ�u�>Õ�o¤^.
subject to youteq: outcome - sum{i in P} moq[i] * e[i] = 0 ;
# cÂ\�u>d¦±CÅNþ
subject to inm: income - ip * ea = 0;
# ï�|Ñ�u�>ÕÄ:ï�¤^\þCÅ¤^
subject to bouteq: sum{i in P} (op[i] * e[i] + bop[i]) - bout = 0 ;
# ï�|Ñ�u�Ê8]7
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subject to allb: bout <= B;
# oø>þ�uN
subject to equic: ea >= N;
# �>Õk�ï�Nþþe�

subject to beq{i in P}: bbe[i] <= e[i] <= bue[i] ;
# oø>þ��>Õø>þ�Ú
subject to eaq: sum{i in P} e[i] - ea = 0;
# ü >dÚoø>þ¤K�ê'X

subject to eip: bip * lam ^ (ea/N) - ip = 0;
# ü �o¤^�Nþþ,eü, ��K�ê'X

subject to moqeq{i in P}: bmoq * mlam ^ e[i] - moq[i] = 0;

data;
set P:=1,2,3,4,5;
param op:=
1 1.1
2 1.2
3 1.1
4 1.3
5 1.2;
param bop:=
1 2.2
2 2.0
3 2.5
4 2.3
5 2.2;
param bbe:=
1 100
2 110
3 120
4 150
5 170
;
param bue:=
1 200
2 250
3 270
4 290
5 300
;

param bip:=2.0;
param N:=400;
param B:=2000;
param lam:=0.7;
param mlam:= 0.6;
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param bmoq:= 1.1;
end;

¦)(J

ampl: model tp1.mod
ampl: solve;
MINOS 5.5: optimal solution found.
23 iterations, objective 825.1309982
Nonlin evals: constrs = 62, Jac = 61.
ampl: display e;
e [*] :=
1 200
2 250
3 270
4 231.409
5 170
;
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