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Pn(x) = a0 + a1x + . . . + anxn (0.1)

Pn(xi) = yi(i = 0, 1, . . . , n) (0.2)

1 ��¯KVã[1]

�¼êy = f(x) 3«m[a, b] þëY, �3n + 1 �ØÓ�:a 6 x0, x1, . . . , xn 6 b þ©
O��y0, y1, . . . , yn

���8�Ò´�3��5�`û, BuO��¼êaΦ ¥, ¦�{ü¼êP (x) , ¦

P (xi) = yi(i = 0, 1, . . . , n) (1.1)


3Ù¦:x 6= xi þ, ��f(x) �Cq.

¡«m[a, b]���«m, ¡:x0, x1, . . . , xn���!:, ¡(1.1) ���^�, ¡¼êaΦ

���¼êa.

�À^�êõ�ª����¼ê´, �A���¯KÒ¡�õ�ª��. �Ä��¯

K´: ¦�gêØ�Ln��êõ�ª

2 õ�ª�����5

d��^�(0.2)�, ��õ�ªPn(x)�Xêai(i = 0, 1, . . . , n) ÷v�5�§|

1 x0 x2
0 · · · xn

0

1 x1 x2
1 · · · xn

1

1 x2 x2
2 · · · xn

2
...

...
...

. . .
...

1 xn x2
n · · · xn

n





a0

a1

a2

...

an


=



y0

y1

y2

...

yn


(2.1)

dVandermonde 1�ª, �

V =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 x0 x2
0 · · · xn

0

1 x1 x2
1 · · · xn

1

1 x2 x2
2 · · · xn

2
...

...
...

. . .
...

1 xn x2
n · · · xn

n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

n∏
i=1

i−1∏
j=0

(xi − xj) (2.2)

Ïx0, x1, . . . , xn ´«m[a, b] þ, ¤±V 6= 0 , �§|(2.1) k��).
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3 .�KF��

À���Ä¼ê

lx(x) =
(x − x0) · · · (x − xk−1)(x − xk+1) · · · (x − xn)

(xk − x0) · · · (xk − xk−1)(xk − xk+1) · · · (xk − xn)

=

1 i = k

0 i = 0

(3.1)

u´��õ�ª�

Ln(x) = y0l0(x) + y1l1(x) + . . . + ynln(x) (3.2)

-n = 1 �ü:��úª

L1(x) = y0
x − x1

x0 − x1
+ y1

x − x0

x1 − x0

= y0 +
y1 − y0

x1 − x0
(x − x0)

(3.3)

-n = 2 ��n:��, =�g��¼ê

4 Úî��{

-ê�FþØpung�õ�ª�N�G, ¦´Fþ�n + 1��5�m, �±�

nk =
k−1∏
i=0

(x − xk) k = 1, 2, . . . , n (4.1)

-n0 = 1 u´{nk} |¤G ��|Ä, y¦

Ln(x) =
n∑

k=0

aknk(x) (4.2)

÷v(1.1) �L(½Xê{ak}.
w,x = x0 �\(4.2) ��

a0 = y0 (4.3)

���
ak = f [x0, x1, . . . , xk] (4.4)

f [x0, x1, . . . , xk] =
f [x1, . . . , xk] − f [x0, . . . , xk−1]

xk − x0
(4.5)

5 õ�ª��{��O

P

Rn(x) = f(x) − Pn(x) (5.1)

KRn(x) Ò´^Pn(x)Cq�Of(x)���ãØ�, ¡���õ�ªPn(x) �{�
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�f(x)3«m[a, b] þk��n + 1 ��ê, Pn(x) �÷v^�(1.1) �n g��õ�ª
duf(x) − Pn(x) 3[a, b]þk{xn}ùn + 1�":, ¤±��

Rn(x) = K(x)ωn+1(x) (5.2)

ωn+1 =
n∏

i=0

(x − xi) (5.3)

(5.4)

é«m[a, b]þÉuxi�:x, -

F (t) = f(t) − Pn(t) − K(x)ωn+1(x) (5.5)

KF 3[a, b] þ��kn + 2�pÉ�":, �F k��n + 1���ê

F (n+1)(t) = f (n+1)(t) − K(x)(n + 1)! (5.6)

F (n+1) 3[a, b]��þk��":ξ u´

0 = F (n+1)(ξ) = f (n+1)(ξ) − K(x)(n + 1)! (5.7)

¤±

Rn(x) =
f (n+1)(ξ)
(n + 1)!

ωn+1(x) (5.8)

Úî��{�{�

Rn(x) = f [x0, x1, . . . , xn, x]ωn+1(x) (5.9)

6 ng�^­�

±����z��ªïáng�^­��/ª, ( �{5g4�ö5�©AÛ�O�

AÛ6, �)PÚÖÑ�3Æ�p
, �U�â®k�£�í. )

ykRs þ:�{Pi}(i = 1, . . . , n), ¦­�xPi ¦Pi �t �ng/ª, �3{Pn}�:þ

ëY, ������ê�ëY,

Pi(t) = Ai + Bit + Cit
2 + Dit

3 (6.1)

t ∈ [0, 1], Ai, Bi, Ci, Di ∈ Rs (6.2)

Pi−1(1) = Pi(0) = Pi (6.3)

P ′
i−1(1) = P ′

i (0) (6.4)

P ′′
i−1(1) = P ′′

i (0) (6.5)

i = 1, 2, . . . , n (6.6)

(6.7)
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e¡Á)ù|�§, �Ä�3�:���êëY, ����ê'´�g/ª, ¤±�
-:

P ′′
i (t) = Mi−1(1 − t) + Mit, t ∈ [0, 1] (6.8)

Ù¥Mi = P ′′
i ,

éþã�§È©, �

P ′
i (t) = −1

2
Mi−1(1 − t)2 +

1
2
Mit

2 + Ai (6.9)

Pi(t) =
1
6
Mi−1(1 − t)3 +

1
6
Mit

2 + Ait + Bi (6.10)

(6.11)

Ai, Bi �È©~ê, d­��ëY5, =(6.3) , �

Ai = Pi − Pi−1 −
1
6
(Mi − Mi−1) (6.12)

Bi = Pi−1 −
1
6
Mi−1 (6.13)

(6.14)

ò±þªf�\(6.9) , ¿|^���êëY, =(6.4),

�:
1
2
Mi+1 + 2Mi +

1
2
Mi−1 = 3(Pi+1 − 2Pi + Pi−1) , gi (6.15)

�(½Mi , �Lü��§, =>.^�, 3à:P0, Pn þ�5�, ù
^�kØÓ�
�{,

6.1 �Ñà:���ê

�Ñà:����ê, =P ′
0, P

′
n ®�, u´k

P ′
0 = P ′

1(0) = −M0

2
+ P1 − P0 −

1
6
(M1 − M0) (6.16)

P ′
n = P ′

n(1) =
Mn

2
+ Pn − Pn−1 −

1
6
(Mn − Mn−1) (6.17)

(6.18)

)�

2M0 + M1 = 6(P1 − P0 − P ′
0) , g0 (6.19)

Mn−1 + 2Mn = 6[P ′
n − (Pn − Pn−1)] , gn (6.20)

(6.21)

u´��§|: 

2 1
1
2 2 1

2
. . . . . . . . .

1
2 2 1

2

1 2





M0

M1

...

Mn−1

Mn


=



g0

g1

...

gn−1

gn


(6.22)
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dd(½¤këþ,

6.2 �Ñà:þ���ê

�Ñà:´���ê, =P ′′
0 , P ′′

n ®�, eP ′′
0 = P ′′

n = 0 K¡g,>.^�, �\(6.8) �

M0 = P ′′
0 (6.23)

Mn = P ′′
n (6.24)

(6.25)

u´

2M1 + M2 = g1 −
1
2
P ′′

0 (6.26)

Mn−1 + 2Mn = gn−1 −
1
2
P ′′

n (6.27)

(6.28)

��§|: 

2 1
2

1
2 2 1

2
. . . . . . . . .

1
2 2 1

2
1
2 2





M1

M2

...

Mn−2

Mn−1


=



g1 − 1
2P ′′

0

g2

...

gn−2

gn−1 − 1
2P ′′

n


(6.29)

6.3 ±Ï¼ê

±Ï^�=­�3�m¥¥±Ï5, kM0 = P ′′
0 = P ′′

n = Mn �\(6.8) �:

−1
2
M0 + P1 − P0 −

1
6
(M1 − M0) =

1
2
Mn + Pn − Pn−1 −

1
6
(Mn − Mn−1) (6.30)

)�:
1
2
M1 +

1
2
Mn−1 + 2Mn = 3[(P1 − P0) − (Pn − Pn−1)] , gn (6.31)

u´��§| 

2 1
2

1
2

1
2 2 1

2
. . . . . . . . .

1
2 2 1

2
1
2

1
2 2





M1

M2

...

Mn−2

Mn−1


=



g1

g2

...

gn−2

gn


(6.32)

7 Ù¦��¯K[3]

7.1 Bézier ­�

l±þ�?Ø�±wÑ, ��¯K�a.3u��Ä¼ê�ÀJ. �À^Bernstein Ä
¼ê�, ¯KÒC¤
Bézier ��¯K.
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����:��ê, òõ���:?1©ã��, Ò/¤
B�^��. é��:\þ

�Ïf, Ò/¤
knBézier ��, ù«­���Ñ, Bézier­�Ã{O(L«�g­��
¯K.

knBézier­��/ª�:

R(t) =

n∑
i=0

wiPiB
n
i (t)

n∑
i=0

wiB
n
i (t)

, t ∈ [0, 1] (7.1)

Ù¥Bn
i �BernsteinÄ¼ê, ¦kn + 1 ���:, �wi = 1 �Ò´���ngBézier­

�

Bernstein Ä¼ê�±��^��5½Â, kûÐ�AÛÚ�ê5�.

8cA^�2��´ngB�^­�.

7.2 ����¯K

����¯K^u­¡��E, k6�Ü£J. C. Ferguson¤­¡, =ngëê­¡

P (u, w) =
3∑

i=0

3∑
j=0

ai,ju
iwj (7.2)

��E3>.þ1^�­¡, CoonsJÑ
¤¢����£transfinite interpolation¤�
�{: ÷^Coons�ÎÒ, òëê­¡¡P (u, w) P�uw, ­¡¡�o^>.­�P (0, w), P (1, w), P (u, 0), P (u, 1)

P�0w, 1w, u0, u1 , ·Ü¼êF0(u) P�F0u; >.­�u0ª.��þ∂uw
∂w

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣w=0 P�u0w,

k�E�Ü­¡¡±0w, 1w�>., ¿±0wu, 1wu�ùü>.´�ª.�Ç, ­¡¡

�§w,�:

uw =
(
F0u F1u G0u G1u

)


0w

1w

0wu

1wu

 (7.3)

Ó��E±±u0, u1�>., ¿±u0w, u1w�ùü>.´�ª.�Ç, ­¡¡�§w,

�:

uw =
(
u0 u1 u0w u1w

)


F0w

F1w

G0w

G1w

 (7.4)

òü­¡U\, 2~�õ\�o��:Ü©, ��P (u, w) �L�ª
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uw =
(
F0u F1u G0u G1u

)


0w

1w

0wu

1wu



+
(
u0 u1 u0w u1w

)


F0w

F1w

G0w

G1w



+
(
F0u F1u G0u G1u

)


00 01 00w 01w

10 11 01w 11w

00u 01u 00uw 01uw

10u 11u 10uw 11uw




F0w

F1w

G0w

G1w



(7.5)

·Ü¼ê��Hermite ngõ�ª½Ù¦, ù´�«���­¡E.�{.

7.3 Ù¦­¡E.

,	�kBézir ­¡, 9knBézier­¡(NURBS­¡)

/ª�:

R(s, t) =

m∑
i=0

n∑
j=0

wijPiB
m
i (s)Bn

j (t)

m∑
i=0

n∑
j=0

wijB
m
i (s)Bn

j (t)

(7.6)

Ó�¦k(m + 1) ∗ (n + 1)���:, wij = 1 ����Bézier­¡

AÛE.�kéõ¯K, ùpØ2?Ø.

7.4 A«���{�'�

���P����{´õ�ª��, kLagrange ��{ÚNewton ��{, ü«�{
��þ´���, �Newton ���O�ü'��, d	�û�{ÚÑ
éõÙ¦A^, X

ê�È©�. �´õ�ª��ké��Ø­½5Runger y�õ�ª���`:��´{
��±�O, 
ng�^�{�éJ�O.

ng�^���`³´­��1^, O�þ'��.

Bézier­�uÐå5��@�{3AÛE.¥k2�A^, éAÛE.�¡�¯K�
Ð^Bézier­�

8 2001cn�É+­�[2]

8c�?n
�©ã�, ����­���¡���n���/
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